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Abstract. A full subcategory of modules over a commutative ring R is wide 
if it is abelian and closed under extensions. Hovey IHovOll gave a classification 
of the wide subcategories of finitely presented modules over regular coherent 
rings in terms of certain specialisation closed subsets of Spec(i?). We use this 
classification theorem to study ii'-theory and Krull-Schmidt type decomposi- 
tions for wide subcategories. It is shown that the iC-group, in the sense of 
Grothendieck, of a wide subcategory VV of finitely presented modules over a 
regular coherent ring is isomorphic to that of the thick subcategory of perfect 
complexes whose homology groups belong to W. We also show that the wide 
subcategories of finitely generated modules over a noetherian regular ring can 
be decomposed uniquely into indecomposable ones. This result is then applied 
to obtain a decomposition for the ii'-groups of wide subcategories. 



1. Introduction 

It is well known that the derived category D{R) of commutative ring R is formally 
very similar to the stable homotopy category of spectra. For instance, both these 
categories have the structure of a tensor triangulated category. Exploring the deeper 
structural similarity between these algebraic and topological worlds has led to some 
active research in the last twenty years; see |HPS97| for a systematic presentation 
of this research. This line of research was initiated by Hopkins in the 1980's. In 
his influential paper Hop87 , Hopkins gave an elegant classification of the thick 
subcategories (triangulated subcategories that are closed under direct summands) 
of finite spectra and those of perfect complexes in D{R). These classification results 
have had tremendous impact in their respective fields. Since then there has been 
a lot of interest in the classification of thick subcategories in various other fields 
including algebraic geometry |Tho97j and modular representation theory |BCR97j . 

The celebrated thick subcategory theorem in D{R) states that the thick sub- 
categories of small objects correspond to subsets of Spec(i?) that are a union of 
subsets V{I), where / is a finitely generated ideal of R. Such subsets of Spec(i?) 
will be called thick supports. In particular, when R is noetherian, the thick subcat- 
egories of small objects correspond to arbitrary union of closed subsets of Spec(i?). 
(Although this result is due to Hopkins, his original proof has a mistake which was 
corrected by Neeman [Nee92! in the noetherian case, and was generalised later to 
arbitrary commutative rings and schemes by Thomason |Tho97| .) 
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Hovey [HovOlj investigated the analogue of such a classification for the category 
of i?-niodules. He showed that for some large class of commutative rings the sub- 
categories of i?-modules that correspond to thick supports of Spec(i?) are those 
abelian subcategories of finitely presented i?-modules that are closed under exten- 
sions (see theorem 12 .41 for the precise statement). Following Hovey we will call such 
subcategories as wide subcategories; see definition 12.11 Hovey's proof is homolog- 
ical in nature, relating a wide subcategory of modules to a thick subcategory of 
complexes. In particular, his proof relies on the thick subcategory theorem of the 
derived category stated in the previous paragraph. 

In this paper we build on the work of Hovey and study wide subcategories of 
i?-modules. We begin, in the next section, by setting up our apparatus of rings, 
modules and complexes. We then discuss Hovey's classification of the wide subcate- 
gories ftheorem l2.4(l . In the last two sections we use this classification to study two 
things about wide subcategories: ii'-theory in section |31 and KruU-Schmidt type 
decompositions in section 0J In more detail, in section |3| we show that when R 
is a regular coherent ring, the K-growp of a wide subcategory W of finitely pre- 
sented i?-modules agrees with that of the thick subcategory C consisting of perfect 
complexes whose homology groups belong to W (theorem . In section 01 we 
show that when i? is a noetherian regular ring, the wide subcategories of finitely 
generated i?-modules can be decomposed uniquely into indecomposable wide sub- 
categories ftheorem 14.1011 . This result is then applied to obtain a decomposition of 
the if-groups of wide subcategories. As another application, we give a categorical 
characterisation of local rings among noetherian regular rings. 

All rings in this paper are assumed to be unital and commutative, and all our 
subcategories will be full. We work with chain complexes C,, rather than cochain 
complexes, so the differential lowers the degree by one, d : C„ ^ Cn-i- 

Acknowledgements: I would like to thank John Palmieri for helping me with 
the proof of proposition 14.51 and James Zhang for some interesting comments on 
decompositions of subcategories. I also want to thank the anonymous referee for 
giving some valuable suggestions which helped me improve the presentation of this 
paper. 

2. Hovey's classification of wide subcategories 
Here and elsewhere, R will denote a unital and commutative ring. 

Definition 2.1. |Hov01| A full subcategory C of the category of i?-modules, or any 
abelian category, is said to be wide if it is a non-empty abelian subcategory that is 
closed under extensions. 

Example 2.2. Easy exercises in algebra tell us that the following are wide subcate- 
gories. 

(1) Rational vector spaces form a wide subcategory of abelian groups. 

(2) For every prime p, p-local abelian groups (groups G such that G®Zp = G) 
form a wide subcategory of abelian groups. 

(3) Finitely generated modules over a noetherian ring form a wide subcategory 
of i?-modules. 

(4) Finitely presented modules over a coherent ring (ring for which every finitely 
generated ideal is finitely presented) form a wide subcategory of i?-modules. 
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It is natural to ask for a classification of all the wide subcategories of the abelian 
category of i?-niodules. Although this question is extremely hard to answer in this 
generality, it becomes more accessible, as Hovey shows, if ones restricts to modules 
with good finiteness conditions and rings with good homological properties - the 
modules with good finiteness conditions being finitely presented ones, and the rings 
with good homological properties being ones that are regular and coherent. We put 
these objects in the proper context in the next two paragraphs. 

To set the categorical stage for our modules and complexes, consider a smaller 
subcategory of i?- modules called Wide(i?) - the wide subcategory generated by the 
ring R in the category of i?-modules. In other words, Wide(i?) is the intersection 
of all the wide subcategories of i?-modules that contain R. Again, it is hard to 
characterise Wide(i?) for a general ring R. However, when R is coherent, it turns 
out that Wide(i?) is precisely the category of finitely presented i?-modules; see 
[HovOll Lemma 1.6] . (Similarly, it is an easy exercise to show that if R is noetherian, 
then Wide(i?) is the category of all finitely generated i?-modules.) We therefore 
focus our attention to the wide subcategories of Wide(i?), and assume that R is 
at least coherent. Under the partial order given by the inclusion of subcategories, 
the wide subcategories of Wide(i?) form a lattice which we denote by £widc(-R)- 
Analogously, in the derived category the small objects are those that belong to the 
thick subcategory generated by R, and the full subcategory of these objects will 
be denoted by Thick(i?). It is well-known that Thick(i?) is equivalent to the chain 
homotopy category of perfect complexes (bounded complexes of finitely generated 
projective i?-modules); see, for instance, |Chr98l Proposition 9.6]. The lattice of 
all the thick subcategories of Thick(i?) will be denoted by £Thick(^) (as before, the 
partial order is with respect to inclusion of subcategories). 

Now we introduce the class of rings over which we will work. As mentioned in 
the introduction, Hovey's strategy for classifying the wide subcategories of Wide(_R) 
is to pass to the derived category and use the known classification of the thick 
subcategories of Thick(i?). In this process he needs a map ( IHovnil Theorem 3.5]) 

A : Wide(i?) ^ Thick(i?) 

with the property that for all M in Wide(i?), 7?*(A(M)) = M as a graded module. 
Of course there is an obvious functor taking Wide(i?) into D{R) which has this 
property - the one obtained by taking a module and viewing it as a complex in 
degree zero. Unless the (finitely presented) module has finite projective dimension, 
there is no guarantee that this functor will land in Thick(i?) [ HovOlL Proposition 
3.4]. This can be ensured if we assume that our coherent ring R is also regular. 
Recall that a commutative ring is regular if every finitely generated ideal has finite 
projective dimension. Regular coherent rings have the following desired homolog- 
ical property. A coherent ring R is regular if and only if every finitely presented 
i?-module has finite projective dimension |Gla921 Theorem 6.2.1]. So we restrict 
ourselves to the class of commutative regular coherent rings. These form a large 
class of commutative rings. Clearly this class includes all noetherian regular rings. 
The following result tells us how to construct more examples of regular coherent 
rings. 

Theorem 2.3. |Gla92| Let {Ra} be o, diagram of regular coherent rings such that 
for each arrow a —f f3, the ring map Ra — > Rp is fiat, i.e., Rp is a fiat as a module 
over Ra . Then colim Ra is a regular coherent ring. 
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As a corollary one observes that the polynomial ring in infinitely many variables 
over a PID is a non-noetherian example of a regular coherent ring. 

Hovey's classification of wide subcategories is based on some geometric subsets 
of Spec(i?) which we now define. A subset of Spec(i?) is a thick support if it is a 
union of (Zariski) closed sets V{I), where / is a finitely generated ideal in R. In 
particular when R is noetherian the thick supports are precisely subsets of Spec(i?) 
that are a union of closed sets (also known as specialisation closed subsets). The 
collection of thick supports of Spec(i?) will be denoted by §, and with respect to 
the partial order given by the inclusion of subsets, § will be viewed as a lattice. 
Finally we recall the definition of support for modules and complexes which plays 
a key role in these classification theorems. If M is any i?-module, then 

Supp(M) := {p e Spec(i?) ■.M(g,RRp^ 0}. 

Similarly if X belongs to Thick(i?), then 

Supp(X) := {p e Spec(i?) : X (E)% Rp ^ 0}. 

Having introduced the necessary terminology and preliminary material, we can 
now state the main result of IHovnij : 

Theorem 2.4. |Hov01j Let R be regular coherent ring, or more generally the quo- 
tient of such a ring by a finitely generated ideal. Then the lattice £vvidc(^) is 
isomorphic to the lattice S of thick supports o/Spec(i?). Under this isomorphism, 
a wide subcategory W corresponds to the thick .support [J]^J^y^; Supp(Af). 

In fact, there is a commutative diagram of lattice bijections: 



^Widc(-R) ^ ^Thick(-R) 




Figure 1. Bijection between wide subcategories and thick subcategories 



where, 

^{A) = {M e Wide(i?) : Supp(M) C A}, 

C{A) = {X e Thick(i?) : Supp(X) C A}, and 

/(W) = {X e Thick(i?) : Hn{X) e W for aU n}. 



As indicated in the above diagram, Hovey arrives at this theorem by passing to 
the derived category to use Thomason's jTho97j thick subcategory theorem (iso- 
morphism C in the above diagram which holds for all commutative rings). In fact, 
it is in the process of this transition (from the module category to the derived 
category) that the regularity assumption on the ring enters the picture. 
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3. i^T-THEORY FOR WIDE SUBCATEGORIES 

We begin by reminding the reader the definition of a Grothendieck group of 
a triangulated category. Let T denote a triangulated category that is essentially 
small (i.e., it has only a set of isomorphism classes of objects). The coproduct in 
T will be denoted by ]J, and the suspension by S. Then the Grothendieck group 
Ko{T) is defined to be the free abelian group on the isomorphism classes of T 
modulo the Euler relations [B] = [A] + [C], whenever A ^ B ^ C ^ 'SA is an 
exact triangle in T. {[X] denotes the element in the Grothendieck group that is 
represented by the isomorphism class of the object X.) This is clearly an abelian 
group with [0] as the identity element and [S.X] as the inverse of [X] . The identity 
[A] + [B] ~ [AH B] holds in the Grothendieck group. Also note that any element 
of A'o(T) is of the form [X] for some G T. All these facts follow easily from the 
axioms for a triangulated category. The Grothendieck group of an essentially small 
abelian category is defined similarly where the relations come from short exact 
sequences in the category. 

Since a wide subcategory is also an abelian category, it makes sense to talk 
of its Grothendieck group. So we now try to relate the Grothendieck groups of 
wide subcategories and thick subcategories that correspond to each other under 
the bijection /; see figure^ We begin with a simple motivating example. 

Example 3.1. Let i? = Z, or more generally a PID. Since R is clearly regular and 
coherent, by theorem |2.4l we know that the wide subcategories of Wide (i?) and thick 
subcategories of Thick(i?) are in bijection with the thick supports of Spec(Z). So if 
S is any proper thick support of Spec(Z), then the corresponding wide subcategory 
is the collection of all finite abelian groups whose torsion is contained in S. It can 
be easily verified that the Grothendieck group of this subcategory is a free abelian 
group of rank l^j. (The p-length of a finite abelian group, for each p in S, gives the 
universal Euler characteristic function.) If S" = Spec(Z), then the corresponding 
wide subcategory is clearly the collection of all finitely generated abelian groups. 
The Grothendieck group of the latter is well-known to be infinite cyclic. (The free 
rank of the finitely generated abelian group gives the universal Euler characteristic 
function.) It turns out that one arrives at the same answers by computing the 
Grothendieck groups for the thick subcategories of perfect complexes over a PID; 
see jCheOei Theorem 4.12]. 

So motivated by this example, we now prove that the above bijection between 
the lattices >Cvvidc (R) and ^Thick (R) preserves K-theoTy. We will need the following 
lemma that characterises small objects in the derived category of a regular coherent 
ring. 

Lemma 3.2. |Chr98[ Note 9.8] Let R be a regular coherent ring. Then a complex 
X in D{R) is small, i.e., X belongs to Thick(i?), if and only if each Hn{X) is 
finitely presented and only finitely many are non-zero. 

The main theorem of this section then states: 

Theorem 3.3. Let R be a regular coherent ring. If C is any wide subcategory of 
Wide(i?), then 

KoiC) - Xo(/(C)), 
where f{C) is the thick subcategory {X G Thick(i?) : Hn{X) C C for all n}. 
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Proof. Since these Grothendieck groups are quotients of free abelian groups on the 
appropriate isomorphism classes of objects, we first define maps on the free abehan 
groups. Let FW denote the the free abehan group on the isomorphism classes of 
objects in C and let FT denote the free abelian group on the isomorphism classes 
of objects in /(C). Now we define maps 

FW FT ^ FW. 

Since FW and FT are free abelian groups, it suffices to define the maps on the basis 
elements. So we define (j>{M) := M[0] and ipiX) 'Ei~^TH^iX). In order to 
show that these maps give isomorphism in fC-theory, we have to check the following 
things. 

(1) Both (f) and ip are well-defined group homomorphisms. 

(2) descends to Ko{C) and tjj descends to Ko{f{C)). 

(3) (j) and ip are inverses to each other. 

(1) M being a finitely presented module over a regular coherent ring, it has finite 
projective dimension |Gla92l Theorem 6.2.1]. This implies (HovOlL Prop. 3.4] that 
M[0] is small. Further H^{M[0]) = M belongs to C, so by definition A/[0] is in 
/(C). This shows that (p is well defined. As for ip, if X f{C), then by definition 
Hn{X) e C for aU n. So 'Ei~'^yH^{X) is a well defined element of FW. 

(2) To show that (j) descends, all we need to show is that whenever ^ A ^ B ^ 
C — > is a short exact sequence in C, then 0(-B) = (f>{A) + (f>{C). First observe 
that when we replace each of these three modules with their projective resolutions, 
the resolutions will be perfect complexes because the ring is coherent and regular 
(see the proof of |Hov01l Prop. 3.4]). So let Pa and Pc be projective resolutions of 
the modules A and C respectively. Then by the Horseshoe lemma IWei94l Lemma 
2.2.8] we know that there is a projective resolution Pb that fits into a short exact 
sequences (of complexes) Pa Pb Pc 0. From this it follows that 
[Pb] = [Pa] + [Pc] or equivalently [B[0]] = [A[0]] + [C[0]], which translates to 
f{B) = f{A) + f{C). In other words, we have shown that the functor M ^ M[0] 
from Wide(i?) to Thick(i?) sends exact sequences to exact triangles. Therefore 
descends to Ko{C). 

Now to see that the map ip descends to Ko{f{C)), observe that the functor -ff*(— ) 
takes exact triangles to long exact sequences. It now follows that ii X ^ Y ^ Z ^ 
HX is a triangle in /(C), then the relation 

J2i~iyH,{Y) = 5](-i)*i/,(x) + J2i-iyH,iz) 

holds in Ka{C). 

(3) Clearly ilj(f){M) = ip{M[0]) = M. To show that the other composition is also 
identity, first note that (pipiX) = 0(E(-1)*^«(^)) = T,i-^YHi{X)[0]. It remains 
to show that this last expression is equal to X in KQ{f{C)). To this end, let I denote 
the largest integer such that Hi{X) = for all i > I (recall that our complexes are 
homologically graded). Then one gets the following exact triangles in D{R); see, 
for instance, |GM03[ chapter IV, section 4.5], 

X<i-i X ^ X^i SX<;_i, 
X<;_3 X<:i-2 X=i-2 5]X<;_3 etC. 
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(Here X<i is a complex whose homology agrees with that of X in dimensions < i 
and has no homology in dimensions > i, and similarly X=i is a complex whose 
homology agrees with that of X in dimension i and has no homology elsewhere.) 
Now we claim that these triangles belong to /(C). First of all, the homology groups 
of these complexes belong to C, and further it is clear from the long exact sequences 
in homology that the homology groups of complexes in the above exact triangles 
are concentrated only in a finite range. Now we invoke lemma to conclude that 
these complex are indeed small, i.e, they belong to Thick(i?). 

The above exact triangles give the following equations in K(){f{C)): 

[X] = [X<i^i] + [X^i] 

= [X<i^2] + [X=i-i] + [X=i] 

= [X<i^3] + [X=i^2] + [X=l-l] + [X=i] 

i<l 

It is easy to see that X=i is quasi-isomorphic to Hi{X)[i]. By replacing this quasi- 

isomorphism in the last equation we get [X] = ~ 

That proves that (j)ip{X) — X , and we are done. □ 

Corollary 3.4. If R is a regular coherent ring, then 

KoiD\Wide{R))) = A'o(^'(proj R)). 

Proof. It is well-known that if A is any essentially small abelian category, then 
KoiA) ^ Ko{D''{A)y, see K^roTTI Chapter VIII, Page 357]. In particular, if ^ 
Wide(i?), the abelian category of finitely presented i?-modules, we get 

KoiWideiR)) ^ Ko{D'' (WideiR))) . 

By theorem 13.31 we know that if o (Wide (i?)) ^ A''o(£'''(proj R)). So the corollary 
follows by combining these two isomorphisms. □ 

4. Decompositions for wide subcategories 

In this section we study KruU-Schmidt type decompositions for wide subcate- 
gories. We denote the coproduct in our categories by the symbol 11, and will 
denote the trivial category in which each object is isomorphic to the zero object. 

Definition 4.1. A decomposition of a wide subcategory W of an abelian category 
^ is a collection of wide subcategories (Wi)ig7 in A such that, 

(1) W,nWj=OforaUi^j. 

(2) An object M is in W if and only if M = IIM^, where Mi e Wi and all but 
finitely many of the Mi are 0. 

Such a decomposition is said to be a Krull- Schmidt decomposition, if in addition 
the following two conditions hold. 

(1) Each Wi is indecomposable: i.e., Wi ^ 0, and if V and Q form a decom- 
position of Wi, then either 'P = or Q = 0. 

(2) Uniqueness: If (Vj)jgj is any other collection of wide subcategories that 
satisfy the above three properties, then Wi = Vi up to a permutation of 
indices. 
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A (Krull-Schmidt) decomposition {Wi)iei of W, if it exists, will be denoted by 

Analogously, by a thick decomposition of a thick support A of Spec(i?), we will 
mean a decomposition A — [J Ai into thick supports, where Aid Aj — 9 ii i ^ j ■ A 
thick decomposition of A is Krull-Schmidt if the Ai are non empty, do not admit 
non-trivial thick decompositions, and if any such decomposition of A is unique up 
to a permutation of the subsets Si. 

Naturally we show that the wide subcategories admit a Krull-Schmidt decompo- 
sition by showing that their corresponding thick supports admit one. We illustrate 
this technique in the following prototypical example and a well-known lemma from 
commutative algebra 

Example 4.2. Let W denote the category of finite abelian groups. W is then clearly 
a wide subcategory of abelian groups. The thick support corresponding to W is the 
set A of non-zero primes in Z. So the Krull-Schmidt decomposition of A is given 

by 

^= U {(p)}- 

p prime 

Now if we declare Wp to be the category of finite p-torsion abelian groups, it is 
easily seen that each Wp is a wide subcategory of abelian groups and that 

W = Y[Wp 

p 

is the Krull-Schmidt decomposition of W. Note that the decomposition of W here 
corresponds to that of A under the bijection ^ of theorem l2.4l 

The next lemma, which is a well-known fact from commutative algebra, is an- 
other model on which our Krull-Schmidt decomposition is based. 

Lemma 4.3. Let R be a noetherian ring and M a finitely generated R-module. 
Then M admits a unique splitting 

n 
i=l 

for some n such that the supports of the Mi are pairwise disjoint and indecompos- 
able. 

Motivated by the above example and lemma, wc now prepare towards our Krull- 
Schmidt decomposition theorem for wide subcategories. 

Lemma 4.4. Let M and N be finitely presented modules with disjoint supports 
over a commutative ring R. Then 

Ext]^{M,N) = for all i > 0. 

Proof. Recall that localisation commutes with the Ext functor for finitely presented 
i?-modules. Now since M and have disjoint supports, we get 

Ext'^ (Af, N)p = Ext^^(Mp, Np) = for aU p in Spec(i?). 
Therefore Ext'^ (M, A^) = for all i>0. □ 
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Proposition 4.5. Let R be a regular coherent ring. IfWi and VV2 are wide subcat- 
egories of Wide(i?) such that Wi H W2 = 0, then so is their coproduct Wi ]J 14^2 • 

Proof. Let Ai and A2 denote the thick supports corresponding to the wide subcat- 
egories Wi and W2 respectively. Since Hovey's bijection see figure ^ is a map 
of posets, it is clear that Ai f] A2 is empty. So if Mi and M2 are modules in Wi 
and W2 respectively, then Mi and M2 will have disjoint supports. So by lemma 
14.41 every map in the category Wi ]J yV2 splits a sum of two maps, one from Wi 
and the other from W2 . This shows that Wi ]J 14^2 is an abelian subcategory of 
Wide(i?). 

Now we argue in a similar fashion that Wi ]J W2 is also closed under extensions. 
Towards this, consider a short exact sequence 

0^ Mi®M2^ M ^ M[®M!^^ 0, 

in Wide(i?), where Mi © M2 and M{ © belong to Wi U ^2- This short exact 
sequence corresponds to a class in Ext]^{M[ M2, Mi M2). Since Ext preserves 
finite coproducts in both components, we get 

Ext]^iM[ ® M^, Ml © M2) Ext^(M;, Mj). 

Since the supports of A// and Mj are disjoint, we know from lemma 14.41 that 
Ext}j(Mj', Mj) is zero for i ^ j. Therefore the last equation of Ext groups now 
simplifies to 

Ext^(M{ © M2, Ml © M2) = Ext)j(M{, Ml) © Ext^(M2, M2). 

So the upshot is that every extension of Mi © M2 and M( © Mj is a sum of two 
extensions: one obtained from an extension of Mi and M[ and the other from AI2 
and A/j. This shows that Wi ]jyV2 is also closed under extensions. □ 

Now we establish the strong connection between decompositions of thick supports 
and those of wide subcategories. If is a thick support of Spec(i?) we denote the 
corresponding wide subcategory by Wa ■ 

Proposition 4.6. Let R be a regular coherent ring. // ^ = ^1 IJ A2 is a thick 
decomposition of a thick support A in Spec(i?), then this induces a decomposition 
of the associated wide subcategories m Wide(i?); 

Proof. Clearly Wai H = because Ai and A2 are disjoint. We only have to 
show that the objects in Wa are the coproducts of objects in Wai and W^a- This is 
shown in an indirect way as follows. By proposition 14 . 51 we know that Wai Yi^M 
is a wide subcategory. So we will be done if we can show that the thick support 
corresponding to Wai U VV^a is A. This follows when we observe that the union 
of the supports of the modules in Wai U is clearly Ai[jA2{— A). Hence 
Wa^U^a,=Wa- □ 

Proposition 4.7. Let R be a regular coherent ring and let W be a wide subcategory 
o/Wide(i?) corresponding to a thick support A. IfW — Wi ]J VV2 is a decomposi- 
tion of W into wide subcategories, then this induces a decomposition A — Ai[J A2 
of the thick support A, where Ai is the thick support corresponding to Wi. 
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Proof. Again using the fact that Hovey's bijection is a map of posets, it is clear 
that Ai and A2 are disjoint thick supports of Spec(i?) that are contained in A. To 
see that we have equahty {A = Ai[J A2) observe that each module M in W splits 
as M = Ml® M2, and recaU that Supp(A/) = Supp(Mi) IJ Supp(M2). □ 

Combining propositions 14.61 and 14.71 we arrive at the following decomposition 
result. 

Theorem 4.8. Let R be a regular coherent ring. A wide subcategory 0/ Wide(i?) 
admits Krull- Schmidt decomposition if and only if the corresponding thick support 
admits one. 

Now the question that has to be addressed is whether every thick support of 
Spec(i?) admits a KruU-Schmidt decomposition. We show that this is possible if 
we assume the ring to be noetherian. 

Proposition 4.9. Let R be a noetherian ring and let A be a thick support of 
Spec(_R). Then there exists a Krull-Schmidt decomposition IJ for A. 

Proof. It is well-known that the set of prime ideals in a noetherian ring satisfies 
the descending chain condition jAM69l Corollary 11.12]. To start, let A be a thick 
support in Spec(i?) and let [pi)i^i be the collection of all minimal elements in A 
- i.e., primes p va A which do not contain any other prime in A. It is now clear 
(using the above fact about noetherian rings) that every prime p & A contains a 
minimal element pi in A, therefore A = IJjg/ V{pi). (Also note that each V{pi) is 
a closed subset of Spec(i?) and hence a thick support.) Now define a graph Ga of 
A as follows: The vertices are the minimal primes {pi)iei in A, and two vertices pi 
and pj are adjacent if and only if V{pi) fl V{pj) / 0. Let {Ck)keK be the connected 
components of this graph and for each Ck define a thick support 

Ak U V{p,). 

By construction it is clear that IJ A/; is a thick decomposition of A. It is not hard to 
see that each Ak is indecomposable. Finally the uniqueness part: Suppose IJ is a 
Krull-Schmidt decomposition of A. It can be easily verified that the minimal primes 
in Bfc are precisely the minimal primes of A that are contained in B^. Thus the 
Krull-Schmidt decomposition |J iJ^ gives a partition of the set of minimal primes 
in A. This partition induces a decomposition of Ga into its connected (since each 
Bk is indecomposable) components. Since the decomposition of a graph into its 
connected components is unique, the uniqueness of Krull-Schmidt decomposition 
follows. □ 

The main theorem of this section then states: 

Theorem 4.10. Let R be a noetherian regular ring. Then every wide subcategory of 
Wide(i?) admits a Krull-Schmidt decomposition. Conversely, given indecomposable 
wide subcategories Wi 0/ Wide(i?) such that Wi p| Wj — for i ^ j, there exists a 
unique wide subcategory W C Wide(i?) such that W = Yii^i Krull-Schmidt 
decomposition for W. 

Proof. The first part of the theorem follows from theorem l4.8l and proposition 
For the converse, define W to the full subcategory of all finite coproducts of objects 
from the Wi. It follows from proposition ^31 that W thus defined is wide. □ 
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We now give some corollaries of our decomposition theorem. We begin by ob- 
serving that K-theory is preserved under these decompositions. 

Corollary 4.11. Let R be a noetherian regular ring and let W he a wide subcategory 
of finitely generated R modules. Then 

^o(>V)^0ifo(W,), 
where IJjg/ Wi is the Krull- Schmidt decomposition o/W. 

Proof. Consider the KruU-Schmidt decomposition Yliei of We know from 
lemma that for i ^ j, Hom(Wi, Wj) = 0. So it is clear that every short 
exact sequence in W breaks (uniquely up to isomorphism and permutation) as a 
sum of finitely many short exact sequences in the categories Wi. It follows that 

The next corollary is a categorical characterisation of local rings amongst noe- 
therian regular rings. 

Corollary 4.12. A noetherian regular ring R is local if and only if every wide 
subcategory o/Wide(i?) is indecomposable. 

Proof. If R is local then it is clear that every thick support of Spec(i?) contains the 
unique maximal ideal. In particular, we cannot have two non-empty disjoint thick 
supports and therefore every wide subcategory of Wide(i?) must be indecomposable. 
Conversely, if R is not local, then the wide subcategory supported on the set of 
maximal ideals is decomposable. So we are done. □ 

Remark 4.13. It is worth noting that our proofs in this section give the following 
stronger statements. 

(1) Let i? be a coherent ring for which the map (see theorem l2.4|l 

/ : £widc(^) CrhickiR) 

is an isomorphism. Then a wide subcategory of Wide(i?) admits KruU- 
Schmidt decomposition if and only if the corresponding thick support ad- 
mits one. 

(2) Let i? be a regular coherent ring with the following properties. 

(a) Every open subset of Spec(i?) is compact. 

(b) Spec(i?) satisfies the descending chain condition. 

Then every wide subcategory of finitely presented modules admits a KruU- 
Schmidt decomposition. 

However plausible these decompositions might sound, it is not clear how one 
would arrive at them without using Hovey's classification. It would be interesting 
to find a direct way to get these decompositions. Such an approach might actually 
give us a much stronger result, possibly without the regularity assumption on the 
ring. 

For the curious reader we mention that these decompositions have also been 
studied in the context of triangulated categories. |Kra99j and |Che05j discuss KruU- 
Schmidt decompositions for thick subcategories of small objects in triangulated 
categories such as stable module categories over group algebras, derived categories 
of rings, and the stable homotopy category of spectra. 
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